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Developing My Favorite Equation
Bias from Nonresponse Under Simple Random Sampling:

Bias = ∑𝑘𝑘∈𝑅𝑅
𝑦𝑦𝑘𝑘
𝑟𝑟
− ∑𝑘𝑘∈𝑆𝑆

𝑦𝑦𝑘𝑘
𝑛𝑛

= ∑𝑘𝑘∈𝑆𝑆
𝑅𝑅𝑘𝑘−

𝑟𝑟
𝑛𝑛 𝑦𝑦𝑘𝑘
𝑟𝑟

=

∑𝑘𝑘∈𝑆𝑆
𝑅𝑅𝑘𝑘−

𝑟𝑟
𝑛𝑛

𝑟𝑟
𝑦𝑦𝑘𝑘 − �𝑦𝑦 = ∑𝑘𝑘∈𝑆𝑆

1
𝑛𝑛

𝑅𝑅𝑘𝑘−
𝑟𝑟
𝑛𝑛

𝑟𝑟
𝑛𝑛

𝑦𝑦𝑘𝑘 − �𝑦𝑦 .

Adding weights (𝑑𝑑𝑘𝑘 = ⁄1 𝜋𝜋𝑘𝑘
∑𝑖𝑖∈𝑆𝑆 ⁄1 𝜋𝜋𝑖𝑖

):

Bias =∑𝑘𝑘∈𝑆𝑆 𝑑𝑑𝑘𝑘
𝑅𝑅𝑘𝑘− �𝐸𝐸(𝑅𝑅𝑘𝑘)
�𝐸𝐸(𝑅𝑅𝑘𝑘)

𝑦𝑦𝑘𝑘 − �𝑦𝑦 .
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Developing My Favorite Equation (2)

Bias =∑𝑘𝑘∈𝑆𝑆 𝑑𝑑𝑘𝑘
𝑅𝑅𝑘𝑘− �𝐸𝐸(𝑅𝑅𝑘𝑘)
�𝐸𝐸(𝑅𝑅𝑘𝑘)

𝑦𝑦𝑘𝑘 − �𝑦𝑦

=∑𝑘𝑘∈𝑆𝑆 𝑑𝑑𝑘𝑘
𝑅𝑅𝑘𝑘
�𝐸𝐸(𝑅𝑅𝑘𝑘)

− 1 𝑦𝑦𝑘𝑘 − �𝑦𝑦

=∑𝑘𝑘ϵ𝑆𝑆 𝑑𝑑𝑘𝑘 𝑅𝑅𝑘𝑘𝑔𝑔𝑘𝑘 − 1 𝑦𝑦𝑘𝑘 − 𝐳𝐳𝑘𝑘𝑇𝑇𝛅𝛅 ,

where 𝑔𝑔𝑘𝑘 = ⁄1 �𝐸𝐸(𝑅𝑅𝑘𝑘), and the calibration equation: 

∑𝑘𝑘ϵ𝑆𝑆 𝑑𝑑𝑘𝑘𝑅𝑅𝑘𝑘𝑔𝑔𝑘𝑘𝐳𝐳𝑘𝑘 = ∑𝑘𝑘ϵ𝑆𝑆 𝑑𝑑𝑘𝑘𝐳𝐳𝑘𝑘 holds. 
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An Example


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The Outcome Model

The estimator ∑𝑘𝑘𝜖𝜖𝑆𝑆 𝑑𝑑𝑘𝑘𝑅𝑅𝑘𝑘𝑔𝑔𝑘𝑘𝑦𝑦𝑘𝑘 is nearly unbiased in some sense

when the output model with ignorable nonresponse holds:

𝑦𝑦𝑘𝑘= 𝐳𝐳𝑘𝑘𝑇𝑇𝛃𝛃 + ε𝑘𝑘;   E( ε𝑘𝑘 |𝐳𝐳𝑘𝑘, 𝑅𝑅𝑘𝑘) = 0,

and 𝑔𝑔𝑘𝑘= 1/ �𝐸𝐸(𝑅𝑅𝑘𝑘) can be any function of zk,

but not yk|zk .

For example: 

𝑔𝑔𝑘𝑘 = 1 + ∑𝑖𝑖𝜖𝜖𝑆𝑆 𝑑𝑑𝑖𝑖𝐳𝐳𝑖𝑖𝑇𝑇 ∑𝑖𝑖𝜖𝜖𝑆𝑆 𝑑𝑑𝑖𝑖𝑅𝑅𝑖𝑖𝐳𝐳𝑖𝑖𝑇𝑇 ∑𝑖𝑖𝜖𝜖𝑆𝑆 𝑑𝑑𝑖𝑖𝑅𝑅𝑖𝑖𝐳𝐳𝑖𝑖𝐳𝐳𝑖𝑖𝑇𝑇
−1𝐳𝐳𝑘𝑘
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
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The Response Model
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Missing (Not) at Random
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Nonignorable Nonresponse
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Pattern-Mixture Modeling
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Discussion
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Often the vector of calibration variables contains totals (or means) 
for the entire population, as well as estimated totals (or means)  for 
the sample before nonresponse. 

SUDAAN’s calibration-weighting PROCs can handle either, but not 
both.

What is the purpose of the design (inverse probability) weights?

They are like the 1/R(xk), except they don’t have to be estimated,    
but we do not know if the are functions of the yk.

Discussion
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Suppose we gave a random fraction of the probability sample an incentive 
to respond. 
Let ck = 1 if k gets the incentive, 0 otherwise. 

Calibrating to the full sample: 

Let the new zk vector be 
𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜

𝑐𝑐𝑘𝑘𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜
𝑦𝑦𝑘𝑘(𝑐𝑐𝑘𝑘 − ̅𝑐𝑐)

𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜 includes a 1; ∑𝑘𝑘∈𝑆𝑆 𝑑𝑑𝑘𝑘 𝑦𝑦𝑘𝑘 𝑐𝑐𝑘𝑘 − ̅𝑐𝑐 = 0

and the new  xk vector be 
𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜

𝑐𝑐𝑘𝑘𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜
𝑦𝑦𝑘𝑘

.

Some of the components of  𝑐𝑐𝑘𝑘𝐳𝐳𝑘𝑘𝑜𝑜𝑜𝑜𝑜𝑜 may need to be dropped

Adding a Randomized Device to the Response Model 
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